Dynamics of quantum field theory can be formulated by functional equations. Starting with the Schwinger functionals of the free scalar field, functional equations and corresponding many particle functionals are derived. To establish a complete functional quantum theory, a scalar product in functional space has to be defined as an isometric mapping of physical Hilbert space into the functional space.
The operator equations of quantum field theory can be replaced by functional equations of the corresponding Schwinger functionals [1] [2] [3] . Using this representation of quantum dynamics it is conclusive to develop a functional quantum theory with appropriate functional spaces where the complete physical information can be obtained by operations in functional spaces only 4 ' 5 . The most simple physical systems are the free fields. In this case the functional equations can be solved exactly as in ordinary quantum field theory and the corresponding functional space can be constructed explicitly. For the free Dirac field this has been done in 6 . In this paper the same problem is discussed for the free KleinGordon-field. The functional equation is solved and the space of the Schwinger functionals is equipped with a scalar product in order to reproduce the orthonormality relations of ordinary quantum field theory. 
Fundamentals
The free scalar field is described by the KleinGordon-equation :
<p(x) = 0.
(1.1)
As discussed in Appendix I, without loss of generality a neutral field can be assumed, i.e. (p(x) is a Hermitean operator. For the quantized field (p(x) and its derivatives d ß cp (x) we have the following commutation relations where n denotes a timelike four vector with n 2 = 1 and n° > 0
Equation (1.2) are the relativistic invariant generalisations of the well known equal time commutators to the case of spacelike hypersurfaees. A derivation of (1.2) is given in Appendix I.
As cp (z) is supposed to describe a scalar field its transformation properties under Poincare transformations x = A x + a are given by:
where U is a representation of (A, a) in physical Hilbert space.
For the functional description we introduce source functions j{x). As cp{x) is a Hermitean operator the functions j(x) can be chosen to be real. Furthermore their transformation properties are assum-
where V is a representation of (A, a) in the corresponding functional space. For a detailed discussion see 7 .
The generating Schwinger functional is then defined by 00 .n
T is the Wick time ordering operator which is defined invariantly according to 8 by:
In Eq. (1.6) n denotes the same four vector as in Eq. (1.2). As we assume the locality of the fields cp (x), i. e. their commutativity for spacelike separations, the definition of time ordering by Eq. (1.6) is independent of the special choice of n. Following the procedure outlined in 9 the field equation (1.1) is now replaced by the functional equation for
Because of the definition (1.6) of time ordering we use the commutator in the form (1.2) for the calculation of (1.7) and not at equal times as in 9 . If the invariant definition of time ordering (1.6) is applied to the free Dirac field treated in 6 we obtain the functional equation 
Calculation of the Schwinger Functionals
In order to calculate the Schwinger functionals %{j\ a) it is necessary to specify the state | a) by its set of quantum numbers. We assume | a) to be a n particle state with the quantum numbers qx,..., qn . Especially q can mean the four momentum of the particle. From the definition of quantum numbers subsidiary conditions for the Schwinger functionals result. They are derived in 10 for the case of Fermi fields but one easily sees that they are valid for Bose fields as well. For simplicity we consider only the conservation of four momentum:
and the conservation of particle number:
In order to calculate the Schwinger functionals we first perform the transformation:
is the functional formulation of the Wick rule as is proven in Appendix II.
From (1.7) we now get the two equations:
By means of (1.2) it is easily seen that
is indeed a solution of (2.5). The subsidiary conditions (2. By substituting (2.6) in (2.2) we get:
The shortest way of calculating ^"(a^ ,..., xn) is its representation by the matrix element of a normal ordered product of operators:
cp(xn)\a) . (2.8)
For cp(x) we have the decomposition into creation and destruction operators:
The state j a) can be constructed by repeated application of a + on the vacuum:
From the commutation relations of a and a + , the definition of normal ordering, and (0 j a + = 0 we get:
The matrix elements (0 | (p{x) J p) can be identified with the solutions f(x \ p) of the one particle KleinGordon-equation. So the CP-functional is finally:
By the transformation (2.3) we then get immediately the Schwinger functional %(j; a).
Functional Orthonormalization
In order to develop a complete functional quantum theory it is necesary to define a suitable scalar product in the space of the Schwinger functionals to get an isometric mapping of the physical Hilbert space into the functional space:
The left hand side of (3.1) is a functional integral n , and we are looking for a suitable measure jLi(j) to provide the orthonormality (3.1). The requirement of rotational invariance leads to 7 :
with a symmetrical weighting function G(x,y). The corect form of G(x, y) has been determined for the harmonic oscillator in 12 and for the free Dirac field in 6 .
The 0-functional (2.12) is of the type of a weighted power series functional defined by: 
.
.. G 1 (xn ~ \ ,xn) . (3.4)
A careful inspection of (3.4) shows that there are two types of integrals: choose the weighting function such that
with a timelike four vector n as in (1.2) and a real valued function g(nxx^) satisfying: Then the application of (1.10), (1.11) yields for the integrals (3.5) : 
Appendix I a) Quantum Mechanical Case
In this Appendix we derive some formulas of the ordinary Klein-Gordon-theory which are needed for the evaluation of the functional scalar product in Section 3.
We first consider the one particle Klein-Gordon-
In this case f(x) is a complex valued function. As the d'Alembert operator is Hermitean f*{x) is a solution of (1.1), too. There exist solutions for positive energy:
and for negative energy:
By a transformation of variables it is easily seen that f*{x) is a solution for negative energy if f{x) is one for positive energy. For the solution of (1.1) a scalar product is de-
Specifying the solutions of (1.1) by the set of quantum numbers p : f(x p) we have for positive energy solutions the orthonormality relation:
(/(z|p'),/(z|p)) = <5(p'-p) .
(1.4)
Because the negative energy solutions are orthogonal to the positive energy ones we have furthermore:
In the following we express the scalar products (1.4), (1.5) by an integral over the whole Minkowski space as it occurs in the computation of the functional scalar product. For this reason we consider the conservation law for the current
in its integral form:
with arbitrary spacelike surfaces 2, 2 . Specializing to planes 2: n^ xß -b = 0 and 2': = O we get from (1.4) :
As b can be varied arbitrarily we may have with a function g(b) fulfilling f g 2 (b) db = l:
By multiplying with 1 = f d (x -x) dx' we can partially substitute xby x \
(1.10) is the desired form of the orthonormality relation. By a similar treatment we get from (1.5) :
b) Field Quantized Case
In this case the function f(x) is replaced by an operator cp(x) in Hilbert space. For a neutral field <p{x) is Hermitean and obeys the commutation re-
\<p(x),cp(y)]_=iA (x-y) .
(1.12)
The function A (z) is uniquely determined by the conditions:
is an invariant solution of the Klein-Gordon-equation.
2) A (z) satisfies the initial conditions: 
because of the invariance of the ^-function.
In the case of a charged field cp(x) is no longer 
<p + (x) = yi (<M*) ~icp,{x)) .
Hermitean operators cpi(x) can be introduced. As they commute with one another the additional index can be suppressed. Thus without lack of generality we may consider a neutral field only.
Appendix II
In this Appendix we give an exact proof of Wick's theorem for the free Bose field. A similar proof is valid for free Fermi fields which is omitted here for the sake of brevity.
A free field operator cp(x) can be decomposed into a creation operator cp~ (x) and a destruction operator <j? + (x) :
The normal ordered product of n field operators is defined by: From this we get:
The proof is by induction and makes use of (II.2). It will be omitted here.
Lemma 2: The proof is by induction: 
